December 20, 2011 



DAMTP-201 1-109 



Monopole— Instantons in M2-brane Theories 



Emil Martinec"^ and Jock McOrist^^ 

° Enrico Fermi Institute, University of Chicago, Chicago, IL 60637, USA 

^ Department of Apphed Mathematics and Theoretical Physics, Centre for Mathematical 
Sciences, Wilberforce Road, Cambridge, CBS OWA, UK 



Abstract 

We study monopole-instantons in M2-brane theories, focussing on the ABJM class 
of Chern-Simons gauge theories coupled to matter. We calculate calculate explicitly 
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1 Introduction 



The work of Bagger- Lambert [1-3], Gustavsson [4, 5] and ABJM [6] represents an impor- 
tant step forward in our understanding of the conformal field theory describing coincident 
M2-branes. While the work of BLG provided the initial breakthrough in understanding 
the conformal field theory describing multiple M2-branes, its description is seemingly lim- 
ited to two M2-branes in a certain orbifold background. The ABJM theory improved on 
this, proposing to describe N M2-branes probing C^/Z^. Both theories enjoy many com- 
mon qualitative features and ingredients. Most importantly, they give explicit Lagrangian 
descriptions of the conformal field theory, and hence open up the possibility of explicitly 
computing quantities peculiar to M2-brane theories. An example is understanding the dy- 
namics and scattering of M2-branes, much in the way [7] explored scattering of D-brancs. 
To make progress in this directions it is important to understand the quantum corrected 
moduli space of the ABJM and BLG theories. 

In this note we will explore two related aspects of the ABJM moduli space. The first 
is the appearance of a distinguished locus in the classical moduli space. When any two 
M2-branes lie along this locus, we find new massless off-diagonal states, even though the 
M2-branes may be separated arbitrarily far apart. Furthermore, there are no enhanced 
gauge symmetries that would typically be associated with such a singular locus. This is 
in contrast to D-brane theories, where the only time one finds singularities in the moduli 
space and associated massless states is when a pair of D-branes coincide with an associated 
gauge symmetry enhancement. Physically, the massless D-brane states and symmetry en- 
hancement are ascribed to open strings becoming light, and a question arises: what is the 
physical interpretation of the anomalously hght M2-brane states? 

These off-diagonal states appear to have been largely overlooked in the literature. Some 
exceptions include [8] who speculated the analogous massless excitations in BLG theories 
describe a type of three-prong object, which might be related to the N^^^ entropy scaling of 
M2-brane SCFTs. In the context of ABJM, [9] labelled them 'membrane bits', proposing 
that a pair of M2-branes are connected by a single membrane bit. A simple scaling argument 
suggested that a membrane bit has two spatial dimensions and wraps the M-theory circle 
so that when two M2-brancs are separated along the M-theory circle, the membrane bits 
become massless. However, both papers largely ignore the role of quantum corrections in 
the dynamics of these excitations. 
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In the low-energy effective action on tfie Higgs brancli, super symmetry dictates tfiat tfie 
first quantum correction appears at tfie four-derivative level, or equivalently an 8-fermion 
coupling [10-12]. It is generated by monopole-instantons, the dimensional reduction of 
monopoles to three Euclidean dimensions. Monopole-instantons in ABJM have been dis- 
cussed in [13], where a finite-energy BPS solution to the equations of motion was con- 
structed. However, an explicit calculation of the infiuence of monopole-instantons on the 
moduli space dynamics is lacking. Our goal here is to both rectify this as well as discuss 
how monopole-instantons affect the distinguished locus and the corresponding massless 
off-diagonal modes discussed above. Although we will focus on the ABJM theory, similar 
conclusions to apply for the BLG theory, as well as generalisations of ABJM to M2-branes 
probing non-compact toric Calabi-Yau's. 

The outline for the remainder of this paper is the following. In the next section we will 
review ABJM and its classical moduli space. We will identify the singular locus in ABJM, 
in its generalisations, and in the BLG theory. In section 3, we will review some generalities 
of monopole-instantons and how they appear in ABJM. In section 4 we will discuss their 
role in resolving the singular locus and discuss open questions. Three appendices discuss 
the generalization to related theories, the one-loop fluctuation determinant, and the zero 
mode analysis. 

2 ABJM on the Higgs Branch 

The — 6 ABJM theory is a superconformal Chern-Simons matter theory deflned on 
a three-manifold E with a U(A'^) x U(A'") gauge group coupled to bifundamental matter. 
The gauge fields are denoted by ^(i), A(^2) and have Chern-Simons levels {k,—k). The 
bifundamental matter fields are composed of four complex scalars and their fermionic 
partners ^p. Both fields transform in the {N, N) representation of the gauge group. There 
is a global SU(4) R-symmetry under which the scalars and fermions ipp transform in 
the 4. Further details of our notation are given in the appendix. The Lagrangian of [6] is 
given by 



S = 



SkE + Sint -I- S'y -I- Scs, 



(2.1) 



where the individual components of the action are given by 
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Sv = - j d^xV{Z), 

Sint =^ J d'x \^(0^'iP(^p7fi - 'hfz'^Zpi^Q - ^"^li^pZqZ'^ + ^'^Z'^Zq^p) 

- epQRstr{i^''z^i^''z') + £^«^^tr(ZpV'QZ^V'5)}, 
k f 

Scs J <^cs{A{i)) - '^cs{A{2))- 



(2.2) 



We have written the action in Lorentz signature, though will eventually switch to Euclidean 
signature for the instanton calculation. The covariant derivative for the scalars is given by 



DZ^ = dZ^ - iA^i)Z^ + iZ^A(2), 



while the Chern-Simons form is given by 

ujcs{A) = ti{^AAdA- —AAAAAj. 

The U{N) X U{N) gauge transformations act as 
Z LZM-^, 1 L-^ZM, 

- idLL-^, A(2) -> MA(2)M~^ - idMM''^, 
where L, M are U {N) matrices. The Chern-Simons form transforms as 

uJcs{A(i)) ^ ucs{A(i)) -id^tr{A^i)L-^dL)j - hriL-^dlf, 



(2.3) 



(2.4) 



(2.5) 



i^cs{A(^2)) cocs{A(^2)) - io?^tr(^(2)M-MM)J - -tr(M-MM)^ 

The bosonic potential V{Z) can be written has a sum of squares 

27r2 



(2.6) 



^ = i,tr(T-^T?,), 



where 



T^^ = (2Z-f'ZflZ^ - S'^Z^'ZsZ^ - S^Z'^ZsZ^) - {P ^ Q) 
The supersymmetry transformations are given by 

Sipp 



(2.7) 
(2.8) 



rD,Z^ - ^{Z^^ZQZ^^)]vnP + ^^^Z^ZpZ^)rj^^ - ^^epQns{Z^Z^Z^)r,'''' , 



3k 



3k' 





27ri 




X 




27ri 


(2)m = 





{vpQl^ip'^Z'' + rj'''^j^Zp'il;Q). 



(2.9) 



Here rjpQ is spinor parametrizing the supcrsymmctry transformation. It satisfies two con- 
straints: r/pQ = —rjQp and rjpq = {j]^'^)* = \e^^^^rjjiD leaving 6 independent complex 
components. That is, the theory manifestly preserves 12 supersymmetries. 

2.1 Moduli Space 

The moduh space consists of the set of zero-energy field configurations. As usual one sets 
the fermions to zero, and then looks for y = states. A sufficient condition for this to 
occur is 

Z^ZqZ^ - Z^'ZqZ'' = 0, ZpZ'^Zr - ZrZ'^Zp = 0. (2.10) 

For hermitian matrices, this implies the fields Z^ are diagonal:^ 

(Z0 = diag(^f,...,4). (2.11) 

Naively, the field configuration (2.11) parametrizes a moduh space [C^]-^. However, in 
ABJM we define global gauge transformations to be part of the gauge group, and as such 
we need to eliminate gauge equivalent field configurations.^ If we restrict to diagonal vev's 
(2.11), we only need to worry about two subgroups: the Weyl group, which for U{N) x U [N] 
is the symmetric group Sn] and the Cartan subgroup which is(t/(l)x?7(l))^. The former 
simply permutes the diagonal elements of (2.11). As for the latter, it is not hard to see 
that each scalar field zf is neutral under the diagonal subgroup of U{1)d C U{1) x f/(l) 
and charged under a baryonic (or axial) subgroup U{l)b C U{1) x f/(l). Thus the classical 
moduli space is [C^/f/(l)f,]^/S'^. However, this is iV(8 — 1) = TN dimensional, which is 
incompatible with supersymmctry. The resolution is that only a Zjt subgroup of global 
U{l)b transformations is a symmetry of the quantum theory, as there are semi-classical 
vacua that carry charge k under the U{l)b- These vacua restrict the global extension of 
U{l)i, to Zfc and therefore the moduli space of the full quantum theory is [C^/ZfeJ^/S*^. 

Monopole-instanton configurations effect transitions between these vacua. Chern-Simons 
matter theories have been long known to have monopole-instanton configurations [16]. In 

^That eqn. (2.10) is a necessary consequence of Tq^ = is not directly obvious in field theory. However, 
(2.10) is reasonable when one thinks of ABJM as the IR limit of a intersecting brane construction, as 
originally developed in [6] . 

^When the spacetime manifold is non-compact, one is free to interpret global gauge rotations as global 
symmetries, or as part of the gauge group, the choice is part of the data going into defining the theory. For 
example, in [14, 15], or in say QED, global gauge transformations are regarded as global symmetries, giving 
rise to properties such as selection rules. On the other hand, ABJM define global gauge transformations to 
be part of the gauge group. This means that in order to determine the moduli space, we need to quotient 
by them. 
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a bifundamental theory such as ABJM, the off-diagonal nature of the Chern-Simons term 
couples electric U{l)h and magnetic gaiigc potentials. Thus, a monopole-instanton 

with field strength in U{1)d is also charged under the 1/(1)^. The saddle point field con- 
figuration in the path integral is then charged as the Chern-Simons term transforms under 
U{l)b rotations. Denoting our spacetime by S3 with an asymptotic boundary then 
the Chern-Simons form transforms under a ^7(1)6 rotation ^ Ab + dO as 

Scs ^Scs + ^ [ 0fD = Scs + 0pk, (2.12) 

where fo is the gauge invariant field strength that carries magnetic charge Jg^^ fo — ^t^P, 
where p e Z is the monopole-instanton number. We demand the partition function be 
invariant under gauge transformations, and this is only the case if 9 — 27r//c. Otherwise, 
the monopole-instanton vacua are projected out, leading to the mismatch in dimension of 
the moduli space mentioned above. 

2.2 Excitations on the Higgs Branch 

Consider now the small excitation spectrum around a generic point on the Higgs branch. 
Let us recall the usual intuition for D-branes. For N near-coincident D-branes, the low- 
energy effective field theory describing the dynamics of the system is given by maximally 
supersymmetric Yang-Mills (SYM). There are scalar fields , where / is an R-symmetry 
label, and the fields transform in the adjoint of the U(A^) gauge group. There is a potential 
of the form 

V^-g'y^Jtr[X^,Xr. (2.13) 

The minimum occurs when [X^ , X'^] = implying the scalar fields are mutually commuting 
and hence diagonal up to gauge transformations 

X^ = diag(x{,...,x^). (2.14) 

Taking into account global gauge transformations, the moduli space is []R'^]^/S'jv where d is 
the number of dimensions transverse to the branes. At a generic point in this moduli space, 
all of the off-diagonal scalar excitations are massive and the unbroken gauge symmetry is 
U(l)^. Expanding the potential V about this point in the moduli space, one finds the 
off-diagonal excitations have a mass 

(xl -x^jf. (2.15) 
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The XI are interpreted as parametrizing the location of the N D-branes in the d dimensional 
transverse space. The quanta of the are open strings connecting the branes. If r of 

the are equal, corresponding to r D3-brancs coinciding, there is an r x r matrix worth 
of scalars that become massless. The corresponding W-bosons in the same supermultiplet 
also become massless, and there is an enhanced U(r) gauge symmetry. In terms of open 
strings, the open string excitations connecting the r D3-branes have vanishing length, and 
hence are massless. From the structure of the potential, it is clear that the enhanced gauge 
symmetry occurs if and only if the D-branes coincide. 

Now let us perform the analogous computation in the M2-brane theory. For simplicity 
we will from now on restrict to = 2 M2-branes, so that our gauge group is U{2) x U{2). 
The Higgs branch is parametrized by 

= . (2.16) 

where the position of the two M2-branes in is labelled by and w^. Expanding in 
small fluctuations about (2.16) 

Z^ = (Z^) + 5Z^, (2.17) 
the fluctuations orthogonal^ to the VEV are described by 

V = ^[\zQ^^-yjQyj^\^+\^QyjR-^RyjQ\^]\SZ^^\\ (2.18) 

The mass of the off-diagonal modes is then given by 

^2 ^ m^P|2 ^ |^P|2)2 _ 4|^P^^|21 _ (2.19) 

This formula has a remarkable property quite different from its D-brane cousin (2.15), most 
easily seen if we specialize to the simple scenario where the two M2-branes are separated 
in a single complex plane i.e. z^ — = for P = 2, 3, 4. In that case, the mass goes like 

m^- (2.20) 

This imphes there are massless off-diagonal scalar excitations whenever the two M2-branes 
are at the same radius from the origin, but not necessarily coincident. By taking an 
arbitrarily large radius, the M2-branes can be separated by an arbitrarily large distance. 
This behavior differs dramatically from the usual intuition from D-brane theories. 
^Fluctuations projected along the VEV, SZP ■ (Z^), are gauge. 
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The massless excitations in (2.20) are not flat directions due to a quartic term in the 
potential. The quartic term goes hke 

47r2 



A;2 



i\z'\' + \w'\')\5ZfA\ forP = 2,3,4, 



which is always non-zero away from the origin. This makes one think that quantum cor- 
rections may play an important role. 

There are also W-bosons becoming massless along this locus. As before, consider the 
special example of — — ior P — 2, 3, 4. In that case, there are two W-bosons 
whose mass goes like (2.20). They are given by 

6 6 
Wi = Ab2sm- - Ad 1 cos-, 

6 6 

W2 = -Abism- + AD2Cos-. (2.21) 

where A^i^ — A(^i) n—A(^2) ^ and diagonal ^4^3^ = A(i)^-|-74(2)^ and we have picked out /i — 1,2 
components of the baryonic and diagonal gauge fields. The angle 9 is the separation of the 
M2-branes along the circle of radius r in Z^. Although there are massless W-bosons, for 
9 there is no enhanced gauge symmetry — the corresponding generators do not close to 
form a subgroup. At ^ = 0, when the branes are coincident but translated from the origin, 
there is an enhanced gauge symmetry, the diagonal subgroup U(2)x). When the M2-branes 
are at the origin there is a further symmetry enhancement to U(2) x U(2). Finally, the 
excitations are BPS in the same ways as the D-brane excitations discussed around (2.15). 
With the amount of supersymmetry in our theory, we do not expect the modes to be lifted 
by any perturbative corrections, even though they are not flat directions. 

A way to understand the classical massless excitations is via the action of the U{l)b 
gauge symmetry on the vacuum. Suppose the M2-branes are coincident but not at the 
origin. Then there is an enhanced U{2) gauge symmetry together with the massless off- 
diagonal scalars. The U(l)^ gauge symmetry acts on the scalar vevs via 

separating the M2- branes along a circle in the transverse C^. As this is a symmetry of the 
classical Lagrangian, the flelds that are massless when the branes coincide remain massless 
throughout the gauge orbit. In the quantum theory, the U{l)b gauge symmetry is broken 
down to Zfc by monopole-instantons. Consequently, when all the quantum corrections are 
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taken into account, we expect the U{l)b degeneracy and the associated massless excitations 
to be hfted. 

Let us turn now to the dynamics of the light fields z^,w^ at a generic point on the 
Coulomb branch where the off-diagonal modes are massive. In fact, let us simplify life a 
wee bit by considering just the dynamics of z^; the dynamics of will follow analogously. 
The field z^ is governed by an effective action 

Seff = - /" ID^I^ + ±abAfD + ..., (2.22) 

with terms omitted of the order the Higgs mass. Even though at, has been Higgsed, and 
enjoys a mass via a Chern- Simons- Higgs mechanism, we have not integrated it out, as it 
still has a role to play. The field z^ couples only to the baryonic U{l)b gauge group and is 
neutral under the U{1)d as illustrated by the covariant derivative: 

= d^z'' - la^^z''. (2.23) 

Indeed, the f/(l)D gauge field appears in S^ff only via its field strength //). We can dualize 
it into a scalar by introducing a lagrange multiplier imposing the Bianchi identity for Jd 




(2.24) 



The equation of motion for r enforces the Bianchi identity djo = 0. If E has a boundary, 
then in the presence of monopoles with field strength in jo there is a periodicity constraint 
on the zero- mode of r. A monopole localized in E will have its charge quantised J^j, jo — 
Attu. Then, Sr pulls back to an integral on the boundary 9E and is equivalent to adding 
an operator to correlation functions of the form 

O = e'^^ = e^^". (2.25) 

This implies the zero-mode of r is periodic r ~ r -|- 27r. As /d is now unconstrained by the 
Bianchi identity, we can integrate it out by imposing its equation of motion 

Oft = ydr. (2.26) 
k 

Under a global U(l)6 transformation — > z^e'^, the relation (2.26) implies r r + k9. 
The analysis for the scalar field follows in the same way, implying we end up with two 
scalars dual to the U{1)1 photons. Our motivation for introducing the dual photons is they 
are needed to construct local gauge invariant monopole-instanton vertex operators in the 
effective action. 
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2.3 Light states in related M2-branes Theories 

The appearance of massless excitations at special points in the moduli space was also 
noticed by [8] in the context of the Bagger-Lambert-Gustavsson (BLG) model. In that 
case, excitations became massless when the M2-branes were coUinear with the orbifold 
fixed point. At the level of the classical Lagrangian, it is straightforward to map the BLG 
theory to the SU(2) x SU(2) ABJM theory by a field redefinition (see [17] for a related 
discussion). Using the explicit field redefinition, we show in appendix A.l how the singular 
locus noted in [8] maps to the ABJM singular locus discussed above. In particular, one 
expects that non-perturbative corrections in BLG are likely to play a similar role to the 
discussion presented here for ABJM. In appendix A. 2 we show how a singular locus appears 
in more general ABJM-like theories, for example those probing toric Calabi-Yau four-folds. 
It is clear that whatever physics resolves the singular locus and associated light states in 
ABJM will apply in these associated contexts. 

3 Monopole-Instantons 

The effective action of the hght modes at a generic point on the Coulomb branch 

receives quantum corrections. Supersymmetry forbids any non-trivial perturbative correc- 
tions, leaving one to consider non-perturbative corrections. Non-perturbative corrections 
that we consider here arise in the form of instanton corrections: finite action Euclidean so- 
lutions of the classical equations of motion, which preserve some amount of supersymmetry. 
Instantons in three-dimensions arise as the dimensional reduction of monopoles in 3 -|- 1 di- 
mensions along the time direction. These field configurations are classified by a topological 
invariant and form a saddle point about which we perform the path integral. Constructing 
these instanton and evaluating their semi-classical contribution to the effective action is the 
subject of this section. 

3.1 Constructing the monopole— instanton solution 

We construct a solution to the Euchdean equations of motion, largely following and shghtly 
improving on the analysis in [13]. The action (2.1) after a Wick rotation t — —it becomes 

—Se — Ske + Sint + Sv + iScs, 
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The gauge field equations of motion in Euclidean signature are given by 




behaviour is completely tied to the dynamics of the matter fields. For simplicity we assume 
the solution is confined to a single complex plane, so that = for P = 2, 3, 4 and label 
the remaining field — Z. We wish to preserve some supersymmetry, which from (2.9) 
gives rise to a BPS condition: 



BPS instanton solutions of (3.1) will in general be complex, meaning Z'^ ^ Z. This is a 
generic property of Chern-Simons matter theories, as well as more general theories in which 
the gauge field has a term linear in time derivatives (e.g. [18]). Physically, we interpret the 
instanton as a tunneling solution, taking physical vacua to physically inequivalent vacua. 
The vacua obey the reality constraint Z^ — Z meaning the instanton solution, though 
complex in the interior of E, must be real on the boundary 9E. We will address this issue 
later. 

The equations of motion (3.1) together with the BPS condition (3.2) give 



These equations resemble the usual Bogomol'nyi equation describing a 't Hooft-Polyakov 
monopole, which together with the knowledge that ABJM on the Coulomb branch can 
be rewritten as a Yang-Mills theory [19], leads one to search for 't Hooft-Polyakov like 
solutions. To that end, we first make the ansatz ^4(1) = A{2) . This has several justifications. 
Asymptotically, physical considerations imply Z and Z become diagonal in order to be 
vacuum states. This implies vanishes asymptotically, and as such, the BPS solution 
only has a non-trivial field strength in the diagonal subgroup. Further, only the diagonal 
generators close to form a group; the non-abelian baryonic (or axial) generators do not 
close to form a group. Finally, the abelian diagonal subgroup U(l)|, is the only subgroup of 
U(2) X U(2) that is unbroken in the vacuum. The remaining components are spontaneously 
broken, and hence cannot carry the monopole field strength. 



DZ = Q. 



(3.2) 



— *F(i) = -iD{ZZ), 
= iD{ZZ). 



(3.3) 
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Now rewrite (3.3) in terms of the diagonal and baryonic bases: 

A^F, = 0, (3.4) 

where jb — — j{2) is the baryonic matter current. The general form of the solution to 
(3.4) together with the BPS condition DZ = is of the form 

Z ^ L{al2)M-\ Z = M{b^ + cl2)L-\ (3.5) 

where the equations of motion amount to $ satisfying the Bogomol'nyi equation 

★Fd = m D^, m = Trah/k. (3.6) 

An explicit solution of the Bogomol'nyi equation involves a gauge choice. As a first attempt, 
we choose L = M = 1 and solve the Bogomol'nyi equation using the 't Hooft-Polyakov 
monopole. We describe the field configuration of the monopole in Hedgehog gauge, and 
denote the Hedgehog gauge field configuration by A. Then, the solution to (3.6) is 

$ = (mr coth mr - 1) , Au^ e„^p 1 dx'', (3.7) 

2rm 2r V sinh mr/ 

where r = \x\. The parameter m is the mass scale of the monopole; it defines the size of 
the core of the monopole in which the non-abelian gauge fields become excited. Outside 
the core, r » m, the fields behave as 

A = e^,,^dx^, (3.8) 

and 

flV 

T ~ —dd A #. (3.9) 

The abelian component of the monopole is long-ranged, being only power-law suppressed. 
With these conventions the enclosed magnetic fiux is 

/ J' = 47r. (3.10) 

The constants a, 6, c in (3.5) are determined by boundary conditions. As expected the 
solution (3.5) is complex, even asymptotically. We can patch this up by a judicious choice 
of L, M in (3.5) 

L = /(a;)e^(")*("\ M = /(a;)e-^(")*("\ (3.11) 
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where A (a;) is a function designed so that Z, Z have real boundary conditions, while the 
role of f{x) is to implement a discrete SU (2) Weyl transformation at the beginning of time 
so the monopole has the correct tunnelling interpretation. The gauge fields are related to 
A in (3.7) by 

= LAL-^ - idLL-\ A^2) = MAM'^ - idMM'K (3.12) 

Do not be fooled: this is not necessarily a gauge transformation, as L, M need not be 
unitary. Nonetheless, as (3.5), (3.12) take the same form as (2.5), we can regard it as a field 
redefinition with the attribute that the supersymmetry conditions, equations of motion and 
solution transform covariantly, thereby mapping BPS solutions to BPS solutions in a 1-1 
fashion. Furthermore, the similarity to a gauge transformation means the measure in the 
path integral is invariant under this transformation. 

We still need to specify the functions f{x),A{x). The function f{x) is given by 

f{x) = ^(1 - tanhT)(7i = e^(^-*^"^")"S (3.13) 

while A(x), as well as a, 6, c, are fixed by first specifying the in and out vacua 

(^.> = °). (3.14) 

(2/> = I)- (3.16) 

and then looking at the boundary conditions are the ending r ^ cx) and beginning of time 

T — >■ +00. 

1. End of time r — )> oo: In this case A(x) — ?> A+ and $ — )> giving e^^* ~ 
diag(e^+, e~^+). Plugging into (3.5) and comparing with (3.15) we can fix A_|_ and 
the constants a, b, c in the ansatz (3.5): 

^ ^ V ^/ ^' ^/zjwj 2,/zJwJ ^ ' 

2. Beginning of time r — )■ — oo; In this case A(a;) — )■ A_, and $ — > — |o""^ giving e^^* ~ 
diag(e~^~, e^^). The constants a, 6, c have already been determined, but A_ has not. 
Using (3.5) and (3.14) we find 



e 



\/wi/zi, (3.17) 
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as well as the consistency conditions 

^ Zf^ e-'^Zi, Wf = e^V- (3.18) 

These conditions*^ tell us the monopolc is transferring U{l)b charge consistent with 
the monopole being sourced by jh in (3.4). 



A smooth function A{x) satisfying these boundary conditions is 

A(a;) = 



i(l + tanhr) log ( — ) + 7(1 — tanhr) log ( — 



4 \Wf ) 4 \w 

To summarise, the monopole solution is 



(3.19) 



Z = ^/i7II}7/(a;)e2^(-)*(-)/(a;), 

Z = j{x) [{\zA^ - \wA^)^{x) + {\zA^ (3.20) 



with f{x) given by (3.13) and k{x) given by (3.19). The monopole acts on states by 

\ ^ A/ \ _ (zit-'' 



WiJ \Owfl 10 Wie^' 

"/ r=— 00 N / T=oo N 

3.2 Evaluation of the classical action 



(3.21) 



It will be useful for us later to evaluate the classical action in this background. There are 
three terms to consider: 

-SE = SKE + Sv + iScs. (3.22) 
The term Ske vanishes due to the BPS condition DZ — 0, while the potential term Sy 
vanishes as we are on the moduh space. This leaves the Chern-Simons action Scs- As the 
field redefinition (3.12) has the same form as a gauge transformation, it is straightforward 
to evaluate Scs using (2.5)-(2.6). 



k f 

Scs ^ J '^cs(^(i)) - ^^05(^(2)), 

= ^ / d[iT{AL-HL) - tT{AM-HM)] - — [ tr{L-'dLf + tr{M-^dMf 



(3.23) 



^Without f{x) the monopole-instanton would also flip the M2-branes ^ o If as in [13] we were to 
take f{x) = 1, A+ = A_ in the unitary gauge, with z = u\,w = U2 real, then it is not hard to see that the 
consistency conditions would force 9 = and Ui = U2. This solution does not have the interpretation of 
a tunneling solution, hence our different choice of f{x),L,M and parametrization of the moduli space by 
complex scalar s. 
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The first fine restricts to the boundary (9S, while the last line evaluates to the winding 
numbers of L, M, which cancels. We evaluate the first line on the asymptotic two-sphere 
S"^, which truncates us to the linear approximation. 

-Se^^I /(x)(A$«)/(x)J;, (3.24) 

where we have used the following normalization on the Lie algebra generators: tr T°'T^ — 
\5'^. Split the integral into a sum over the upper hemisphere S"^ and lower hemisphere S'^. 
By spherical symmetry and the property of f{x): 



SI 



f{x)K{x)^\x)f{x)Ta = ±27rA±, 



which after using (3.17) we find 
S - ^ 



K+{x)^'{x)Tr- f A-{x)^''{x)Tr 

Si Js'^ 



= ^flog^ + log^l, (3.25) 



2 \ Wf m 
where J> = f"J-a. Thus, the monopole-instanton contributes 

e-=(|e-»)', (3.26) 

to the path integral. 

4 Monopole— Instantons and light excitations 

Previously wc observed the small-fiuctuation analysis around the vacuum exhibited a pole 
when two M2-branes are separated by a [/ (1)^ transformation. The pole represented the off- 
diagonal modes becoming light. Can we use the monopole-instanton solution to determine 
the physics of these off-diagonal light modes? 

As a warm-up, we can study the excitation spectrum in the instanton background by 
a simple generalization of the analysis performed above for the vacuum. We expand the 
scalar fields as 

= 5^\Z) + 5Z^ = ^YjWfL' + L5Z^L, 
Z'' ^ 5^\Z) + 5Z'' 

g-2A(x)<E>(x) 



■ ({\zf\^ - \wf\')^x) + {\zf\^ + \wf\^)h) + L-'8ZpL- 
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where (Z), (Z) denote the monopole-instanton background (3.20) and bZ are the small 
fluctuations. It is convenient to flrst perform the analysis for the case where the monopole- 
instanton is confined to a single complex plane, though we will later expand the analysis to 
an SU(4) covariant expression. The off-diagonal excitations intertwine with the transfor- 
mation L defined in (3.11), L5ZL = 6Z, and we need to keep in mind the fields satisfy 
the reality constraint Z^"^ = Z^ asymptotically. 

Now expand the scalar potential (2.7) about this background: 

<^T5« = {\zf\'-\wf\^)SQ,{6^'[6Z_^,^-5^'[5Z^,^), 

ST'^r = (\zf\''-\wf\'')S'^^{Sm[SZp,^]-5p,[SZR,^]). (4.2) 

Hence, 

As the vacuum is approached at r — > ±oo, then $ — > ±|(7^ and one finds a multiplet of 
massive states with mass (2.20). Hence, just as for the vacuum in section 2.2, there is a 
locus of singularities when \z\ = \w\. This phenomenon persists for higher order monopole- 
instanton numbers thanks to the putative U{l)b symmetry, implying that order-by-order 
in the monopole-instanton expansion, the off-diagonal modes remain massless. 

Indeed, in the low-energy effective action on the Higgs branch, supersymmetry prohibits 
the generation of a mass term via quantum corrections. In a derivative expansion, the 
lowest order term that is quantum corrected is an 8-fermion coupling, or equivalently, a 
four- derivative coupling of the scalars. These couplings determine the strength with which 
M2-branes scatter, and are generated by monopole-instantons. Do these couplings have 
any bearing on the massless off-diagonal modes along the U{l)f, locus? 

As explored by [10-12], N — 8, d — 3 SYM possesses an analogous 8-fermion coupling 
that contributes to the strength of D2-brane scattering. Order by order in the monopole- 
instanton expansion, the coupling exhibits a pole from light states only when the D2-brane 
coincide in M7. However, when viewed from the point of view of M-theory, this is really an 
M2-brane scattering process in M7 x S^. Is this fact visible in A?" = 8 d = 3 SYM? Firstly, 
the M-theory circle coordinate is not manifest in the classical Lagrangian: it appears via 
the dual photon for the C/(l) gauge group when on the Higgs branch. Secondly, at at 
any given order in the monopole-instanton expansion, the theory exhibits a degeneracy 
along the S^. This is in contrast to our M-theory expectations, in which we expect the 
branes to be localized in x 5"^, so how does one reconcile this with what is seen in the 
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gauge theory? A clue comes from studying the 11-dimensional supergravity dual, where 
Fourier expanding the M2-brane interaction potential along the M-theory circle direction 
corresponds to a semi-classical expansion in monopolc-instantons in the gauge theory. At 
each order in the Fourier expansion, the potential is smeared in the U{1) direction, and it 
is only once all the terms are summed that the degeneracy is removed. In the gauge theory, 
this means the degeneracy in the U{1) direction of field space is removed only once all the 
monopole-instantons are summed. 

There are some striking analogies with what we have seen thus far in ABJM. The theory 
exhibits a degeneracy along the U{l)f) direction, implying the M2-branes are smeared in 
this direction. At each order in the monopole-instanton expansion the theory preserves this 
degeneracy. Unhke SYM this gives rise to new massless states, even when the M2-branes 
are not coincident. This seems to be a consequence of a direction in the moduli space 
being tied to a classical gauge symmetry. Nonetheless, the analogy with SYM leads one to 
suspect that the degeneracy will be lifted once the monopole-instantons are summed. 

One can give evidence for this effect by considering the supergravity dual of the gauge 
theory. This is given by a pair of M2-branes moving in the background C^/Zj., and by 
treating one M2-brane as a background source, one can compute what the low-energy 
effective action is on the probe brane. The first non-trivial interaction term in the DBI 
expansion is 

1 f '^"^ 1 
— / d^aF(z, w)\z^\ + where F(z, = V ^ o (4-4) 

Z=0 I I 

and we are summing over images of the orbifold action, so that we can work in the 
cover. Writing <C^ as a cone over S"^ , the S'^ admits a Hopf fibration with base CP^. 
The function F(z,w) then admits a Fourier expansion F = Xlp=-^ /pl-^' '^)^*^^ where 6 
parametrizes the 5*^ fibre of the Hopf fibration. This 6 is interpreted as the M-theory circle, 
and from the ABJM point of view it is the lJ{l)b direction along which the monopole carries 
electric charge. Details of this expansion will be given below. The Fourier coefficients are 
interpreted as monopole-instanton corrections in ABJM with instanton number given by p. 
The interaction term is expanded as 

p=oo 

F{z,w)= 5^ U{z,w)e''^', (4.5) 

p=—oo 
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where in the case where 2;^'^'^ — w"^'^'^ = 0, the Fourier coefficients take the form 

+ 67r|p|/c^(|2;|^ + |t(;|^)m + p^/c^m^|. 

Without loss of generahty wc have assumed \z\ < \w\. 

Following [11, 20] we interpret the Fourier coefficient fp as the coefficient of the corre- 
sponding vertex in the gauge theory generated by the monopole-instanton with charge kp. 
That main point is that for each instanton number p, the coefficient, fp, is manifestly SU(4) 
invariant and smeared in the 11(1)^. However, when all of the coefficients are summed, as 
is done in (4.5), the resulting expression F{z,w) is manifestly S0(8) invariant modulo the 
Zk quotient, with the smearing in the U(l)b direction removed. From the point of view of 
the gauge theory, this implies once the instantons are summed, the U{i)b degeneracy in 
the classical theory will be lifted. It is then natural to conclude that the corresponding 
off-diagonal modes, which were generated by the putative C/(l)& symmetry, are in fact in 
some sense massive in the full quantum theory. This is so, even though at each order in 
the instanton sum, the result looks smeared in the U(l)(, direction and the corresponding 
off-diagonal modes are massless. 

However, seeing this explicitly in ABJM is tricky. Firstly, the monopole-instantons 
do not directly generate a mass-term, instead generating a higher-derivative coupling in 
the effective theory. Relating this to the dynamics of the hght off-diagonal excitations is 
subtle. Secondly, seeing the decoupling of the light off-diagonal excitations requires an 
all-order instanton calculation, which we do not yet have. Nonetheless, in the remainder 
of this section we present the calculation for the p = 1 monopole-instanton contribution to 
the effective action. The resulting 8-fermion coupling is related by supersymmetry to the 
coefficient /i written in (4.6) above. The technology developed here should be extendable 
to an all-order calculation in the near future. 

4.1 Monopole-instanton calculation of 8-fermion correlator 

The first step is to evaluate the 8-fermion correlator in the microscopic theory using the 
monopole-instanton background developed above. Local symmetries tightly constrain the 
types of correlators we can compute. There are 8 fermion zero modes to soak up, and the 
insertion should be U{2) x U{2) gauge invariant. In particular, it should be invariant under 
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the global U{1)d, as well as 5'C/(4)/j invariant. This leaves only two choices: 

where we have exhibited the 5*0(2, 1) spinor indices a, f3, . . . explicitly. Only the first term 
is relevant if we choose the vev to lie in a single complex plane, and as the monopole- 
instanton as 8 fermion zero modes, we need the square of this term contracting spinor 
indices pairwise (ipp)'^- Hence, the local symmetries have told us we need to calculate the 
following correlator in the monopole-instanton background: 

tr[eQi^5T^P^'^Z^V^''z^^'^] (4.8) 

The calculation then proceeds by integrating over the non-zero modes, leaving a finite 
integral over the zero modes of the background: 

( tr [eQRSTiJpiJ^ z^ij^z^ij^ V) ^ 

/f — —R —T (4-9) 

djiB j (i//FAi_ioop e"'^='tr [eQRsrV'pV' Z^il) Z^ijj ] . 

The zero mode measures are calculated in Appendix C and are given by (C.IO) and (C27): 

duB ^ k'^m^n^d^Xc 



J "^^^ ^ 4(27rA;)4(62rf)2^2 / A" 

Here X^m denotes the monopole-instanton center of mass and (j) parametrizes global U{1)d 
gauge rotations under which the monopole carries field strength. The integrand will be 
independent of this direction, and hence the integral will just give a factor of 27r. The 
constant b is determined in (3.16), while d is fixed in terms of the vevs z, w in (C.12)-(C.13): 

As discussed in appendix C, to perform the zero-mode integrals one needs to put the M2- 
branes at a more generic point in the moduli space. In particular, this implies (^^'^) 7^ 
up to the SU{4)[i symmetry. The end result will however be independent of d and so wc 
can take the limit where (Z^) = if we wish, without causing any difficulty The 1-loop 
determinant, denoted by Ai_ioop is calculated in Appendix B and is given by 

Ai_loop = 2 ^. 
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The evaluation of the classical action is cf. (3.26), 



The insertion tr \_eQRST'>pp'4> Z^t/j Z^t/j ] in (4.9) soaks up the zero modes of the instanton 
(C.18), which in the long-distance hmit looks hke cf. (C.19): 

With our explicit choice of vev, we can now put the pieces of the jigsaw together to evaluate 
the the correlator (4.8): 

(tr(V^iV^Vv;Vv^V> = (^)Y d'X^mflGMX-x,), (4.12) 

i=l 

The answer is invariant under all the relevant symmetries, including the U(l)ij, up to the 
spontaneous breaking by choice of vev. 

4.2 Effective action and a comparison with supergravity 

We now turn to the effective action of ABJM on the Higgs branch, where the action takes 
the schematic form 

S — Sfree + Ss-fermion + • ■ ■ (4-13) 

The omitted terms are the supersymmetric completion of the 8-fermion term. This term 
can be attributed to monopole-instantons, and takes the form 

/OD 
p=i 

where Qp contains fermion zero-modes and combinations of the scalar fields. In the lan- 
guage of effective field theory, there is a vertex gi that reproduces the monopole-instanton 
correlator (4.12). Are there any independent checks of (4.12)? As mentioned in [13], one 
can appeal to the supergravity description of the system. In the supergravity limit, the 
four-derivative interaction term that is most easily calculated is the coupling mentioned 
above, which is in the supersymmetric completion of the 8-fermion vertex. Unfortunately, 
it is not easy to directly relate the two thanks to the complicated nature of the super- 
symmetry transformations. One would ideally like a more direct check. In the context 
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N — 8 SU{2) SYM, [12] were able to constrain the form of the 8-fermion vertex Qp using 
various properties of the supersymmetry algebra, and infer the eight fermion interaction in 
M-thcory. Although the microscopic theories arc distinct, the IR fixed points are related 
and so we might hope to compare the result in [12] with our result in (4.12). 

First wc briefly describe the result in [12]. To do so wc need to briefly introduce some 
notation. Denote the SU{2) adjoint valued scalar held by 0*, with i = 1, . . . , 7 the 5*0(7) 
R-symmetry indices. As we are looking at the effective theory on the Higgs branch, the 
gauge theory becomes abelian in the IR limit with the light held deflned as 0* = tia^cj)'^. A 
similar definition applies to the light fermions, which are denoted by ipaa- These transform 
in the (2,8) of the 5*0(2,1) x Spin(7) symmetry group, where a = 1,2 are the S0(2,l) 
spinor indices and a — 1, . . . , 8 the spinor R-symmetry indices. There is also a dual photon, 
denoted by 08- At the IR fixed point, [12] showed there was an 8-fermion vertex given by 
(up to an overall coefficient): 



Ss-ferrmon = / d'x— [oi (^n^^^^O^ (^27''''^2)' + As (^l7^^'^1^27^''^2)'] , (4.15) 



where = 0^ -|- . . . 0| and Y — 4>^1^ jr. Here the subscripts 1, 2 on the fermions are explicit 
5*0(2, 1) spinor indices. 

Our task is to now relate this result to ABJM by changing coordinates, orbifolding and 
Fourier transforming in an appropriate U{X) direction. The first coefficient of this Fourier 
transform is interpreted as the ■p — l instanton coefficient. 

The rewriting of as is trivial with the two membrane locations denoted by SU (4) 
vectors w, and by translation invariance we identify the relative coordinate r = z — w. 
Thanks to the classical f/(l)fe gauge symmetry the ABJM instanton calculation is smeared 
over the common phase circle of the C'^ coordinates of r. Geometrically, the of the 
relative coordinate is described as a cone over 5''^, and the smearing averages over the circle 
fiber in 5*^, written as a Hopf fibration with base CP^. The cone projected on this circle 
has a radial coordinate whose squared length is myi- 

To take into account that the moduli space is an orbifold C^/Z^, we sum over images 
on the original cone. As the branes interact in a pairwise manner, by symmetry we can 
treat one of the membranes, say i*, as fixed and sum over the k images of w. Thus, the 
scalar pref actor in the vertex (4.15) becomes 
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To relate this to the ABJM 1-instanton vertex, we Fourier transform in the U{1) direction 
given by the phase separation of the two membranes, e'^ = ^py- As the fermions are 
invariant under this U{1), we only need to focus on the scalar prefactor whose Fourier 
modes are given by 

k-l ^ 

(=0 ' ' P 

with the inverse relation 

To evaluate this integral we first note that fp = unless p G kZ. Wc then trade the 
sum over images for an extension of the domain of integration to [0,27r]. Finally using 
\z — = l^'p + |wp — 2\z ■ w*\ cos 6*, the Fourier modes become 

Wc solve this using cos^^ = (e*^ + e~*^)/2 and changing variables to g = e*^. Then (4.17) 
becomes a contour integral, with the contour C being the unit circle with the origin at zero: 

^"^^^iJc + - \z- + q-^)f ^ 

Let a — \z\^ + ^ = \z- w*\. Then, 

k f dq q~^P 
^"^'^.d^ Jc27t(3-aq + /3q^' ^^'"^^^ 

The countour integral has a contribution at g = and q — q-, where 



20 \ \ q;2 

Using Cauchy integral formula and restricting to the case where the two membranes are in 
a single complex plane, we find for p > 0: 

7 /I \ \ kp -, 

/p = ^ (j^ j ^ [^^ ~ + A;y)m^ + {55kp - 10ky){\z\^ + \w\^)m^+ 

+ 4:5{kY - 2)(k|^ + Iw^W - 105(1^1^ + \w\'^fkpm + 105(|z|^ + \w\Y 

(4.20) 
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where TO^ = (|2;p — and we have assumed \z\ < \w\. The instanton result is a 1-loop 

semi-classical calculation, and to compare (4.20) with (4.12) we take the leading term in 

an expansion of 1/ni is given by 

, _ k /|.|V^ feV-10fcV + 9 

A\\\w\) m5 • ^^-^^^ 

The higher order terms in the 1/m expansion correspond to higher-loop corrections about 
the instanton. Finally, we extract the semiclassical charge 1 instanton result 

4! \\w\J mP 
Up to an overall normalization, the charge one vertex takes the form 

/ (r) [«i(V'i7^''V'i)'(V'27''V'2)' + a2(V'i7^''V'iV'27^'V'2)'] , (4.23) 

We are now in a position to compare with the result in (4.12). We first note that both 
results have the same power of r. The correlator leading to (4.12) has four scalar insertions 
in addition to the eight fermions. The Wick contractions of the fermions will result in 
the scalars in the numerator, evaluated on their vev, combining to m^; with the prefactor 
scahng as m~^, the scahng of the instanton correlator (4.12) agrees with that of the vertex 
(4.23). The C/(l) charges also agree, not surprisingly. 

In the course of their analysis, [12] used an intricate series of Fierz identities to write 
the 8-fermion vertex in terms of the spinor bilinears in (4.15) having explicit S0{2, 1) index 
structure. Consequently, (4.15) is not manifestly S0{2, 1) Lorentz invariant, so to compare 
to (4.12) we need to delve into the index structure of the fermions. 

Decomposing the contracted fermion bilinears under SU{4:), the only terms that 

can contribute when the vev is in a single complex plane have the structure 

(V'P.^^VS?) X (eQRST^^Z'^J), (4.24) 

where — 0^^"^ This agrees with the structure of (4.7) up to the specializations 

a — /3 and ^ — S in each of the two terms in (4.23). Note that Z, t/j are coordinates on the 
moduli space, and hence have no matrix structure. The instanton measure is a product of 
two copies of the 5'C/(4) invariant structures (4.7). Speciahzing to a scalar vev restricted to 
a single complex plane, again only the first structure appears. The SU (4) indices on the ^ 
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fields are totally antisymmetric, therefore the S0{2, 1) indices are totally symmetric and 
comprise the spin-3/2 representation; the possible labels are (3'j5 = 111, 112, 122 and 222. 
Using (anti) symmetry, one can readily arrange this specialization; the case where P'yS = 111 
corresponds to the ai term in (4.23), while the 13^6 =112 case yields the 02 term (with 
the index structures 222 and 122, respectively, are equivalent since they must appear in the 
other fermion quadrilinear in the product). The 112 state has three terms relative to the 
111 state with an overall normalization of l/y/S. Then, we find the ratio 01/02 = 1/3. Thus 
we see complete agreement between the instanton calculation and the M-theory effective 
vertex, up to an overall normalization; and the determinantal structure of the instanton 
zero modes serves to fix the relative coefficient O1/02 in the M-theory vertex. 

Note that for this argument it is crucial that we have specialized to the relative co- 
ordinate on the moduli space, otherwise the fermions carry additional labels, voiding the 
symmetry structure. It is also worth noting that the way in which the relative coordinate 
arises is more obscure in ABJM than in SYM. ABJM is bi-fundamental U{2) x U{2) gauge 
theory while SYM is an adjoint SU{2) gauge theory, and this difference is manifested in the 
IR limit in a number of ways. In SYM the separation of the overall U(l) is clean thanks 
to translation invariance and the adjoint nature of the fields: the centre of mass modes de- 
couple from the modes describing the pairwise membrane interactions. The effective field 
theory, and corresponding vertex (4.15), can be written purely in terms of the light scalar 
(f) describing the relative motion of the membranes. In ABJM, the U{l)b corresponding to 
the centre of mass modes does not easily decouple thanks to the bifundamental nature of 
the theory and the off-diagonal Chern-Simons couplings. The effective dynamics is then 
most straightforwardly described in terms of the two light scalars z, w, which do not have 
a simple relation to 0. 

We do not yet have a complete calculation in the gauge theory showing the decoupling 
of the off-diagonal modes in the effective action, as that would require summing all of the 
monopole-instanton corrections. However, the supergravity analysis and p = 1 monopole- 
instanton calculation does give an indication that the off-diagonal modes are a red herring 
and will decouple from the effective theory at low-energies when all the instanton effects are 
included. The obvious next step is to perform the all-instanton calculation, just as [10, 12] 
extended the one-instanton calculation of [11] in SYM. As discussed above, this could shed 
light on the type of interactions that would hft the C/(l)& degeneracy of the hght off-diagonal 
excitations. Thanks to the quotient, the moduh space of U{2) x U{2) ABJM has three 
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distinguished points: the two M2-branes and the orbifold point. This is in contrast with 
SU{2) SYM whose moduh space has a single distinguished point, the centre of mass of the 
D2-braiics. It would be interesting to explore analogies with monopolc-instantons in say 
SU{3) SYM [21], which has three distinguished points. 
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A Massless Excitations in M2-brane theories 



In this appendix we illustrate how the singular locus appears in other descriptions of M2- 
brane theories. 

A.l Bagger-Lambert- Gustavsson 

At the level of the classical Lagrangian, it is straightforward to map the BLG theory to the 
SU(2) X SU(2) ABJM theory by a field redefinition [6]. This was also observed [17] where 
subtleties with the Chern-Simons level k and quantisation of fiux were pointed out. 

The BLG theory can be written as a SU(2) x SU(2) gauge theory with manifest A/" = 8 
supersymmetry and SO (8) R-symmetry [22]. The scalars are denoted by for / = 1, . . . , 8 
and are related to the complex scalars of ABJM by 

= + (A.l) 

for P = 1,2,3,4. The scalars are in the bi-fundamental of SU(2) x SU(2) and obey a 
reality constraint X^ = —e{X^)*e where e = ia^. The X^ can then be parametrized as 

X^^x^cr", where (7" = (l,ia) (A.2) 

where a;^ are real numbers. We can define two operations that conjugate the SU(2) x SU(2) 
gauge symmetry representation and the SU(4) R-symmetry representation: 

Z^^ = -s(Z^fe^X^^ + iX^^+\ gauge symmetry 
Zp = -e(Z^)*s^X^ -iX^+^, R-symmetry. (A.3) 

These two operations can only be performed separately for a gauge group SU(2) x SU(2), 
where a reality constraint can be imposed. For U{N) x U(A^) theories, only the combination 
Zp makes sense. We can invert 

X^^^-{Z^ + Zp), X^+^ = i(Z^-Zp). (A.4) 
The potential in the BLG theory is 

V{X) = ^tr (x[^X^tj^i^]j^xt^J^/t) ^ (A.5) 

and one can readily check that this potential, and indeed the entire BLG action, maps to 
the ABJM action under the field redefinition (A.l). The BLG potential vanishes when the 
X^ are diagonal: 

{X^} = + ixia\ (A.6) 



25 



By an SO (8) rotation, we can put Xq = = ior I ^ 1,5. The two vectors x^ and x^ 
span the 1-5 plane in R^. Under (A.l) the 1-5 plane becomes the C-plane spanned by {Z^). 
Expanding the potential to quadratic order: 

4 

v{x) ~ (^o4 - +■■■ (A.7) 

with K 1,5 and the mass of the hghtest excitation goes hke 

TTl ^XqX^ ^^Q^Tg I , 

~ \xoXX3\^. (A.8) 

which is the area of the triangle spanned by xq, x^ and the origin in 1-5 plane. In particular 
note there arc massless scalar excitations when xq and x^ become collinear. How does this 
compare with (2.20)? Apply the transformation (A.l) to (A. 6): 

_ /^^O ~ ^3 + ^(^3 + ^o) 

\ xl + xl- i{xQ - xl) 

We identify 

^ xl-xl + i{xl + xl), and w'^ = Xq + xl - i{xl - xl). (A. 10) 

With this identification, the two formulae (2.20) and (A.8) agree. However, the interpreta- 
tion of the coordinates of the moduli spaces in the ABJM and BLG theories are different. 

In the ABJM theory the VEVs and are interpreted as the coordinates of the two 
M2-branes. In [8, 22], the VEVs Xq and x^ are interpreted as the coordinates of the two 
M2-branes. This change in interpretation together with (A.l) maps a mass going like the 
area of a triangle (A.8) into a mass going like the separation in radius (2.20). 

A. 2 M2-branes probing toric Cy4-folds 

Although we exphcitly analysed this behavior for the U(2) x U(2) ABJM theory, it persists 
for more general constructions. Firstly, it is clear the analysis above generahses to U(A^) x 
U(A^) theories. Secondly, the theories corresponding to M2-branes probing non-compact 
Calabi-Yau's also have this behavior. These theories are constructed using a generahzation 
of the tiling techniques familiar from Hanany-Witten constructions in 3-1-1 dimensions. We 
will now review the pertinent features of these constructions and refer the reader to any of 
the original references for more details, for example [23]. 
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The tiling constructions give rise to 2+1-dimensional theories with J\f — 2 supcrsym- 
metry, Chern-Simons coupUngs and a product of U(A^) gauge groups Gi x . . . x G^. The 
Chern-Simons terms appear in such a way that Xll=i ~ 0- '^^e theory flows in the IR 
to a non-trivial flxed point; the moduli space is given by solving the D-terms and F-terms 
modulo gauge transformations. The theory is then argued to describe M2-branes probing 
a non-compact Calabi-Yau cone. 

Our particular interest is in the moduli space. The bosonic potential is given by 



(A.ll) 



where is a scalar field in the bifundamental of Gj x Gj] Ui is an auxiliary field in the 
corresponding 2-1-1 vector supermultiplet; and ^ii{Z) is the moment map action for the a-th 
gauge group given by 



(A.12) 



The potential is a sum of squares and vacua are given by setting the last two terms to zero, 
and integrating out the D-terms, Dj. The vacuum conditions are then given by 



dz-.W 



0, 

Akiai, 
0. 



(A.13) 



In the particular case where the gauge groups are all abelian, these equations are straight- 
forward to solve. The first implies all the (jj are equal viz. ai = a for i = 1, . . . ,r. The 
second equation imposes the symplectic quotient of the toric variety. The last equation is 
the standard F-term constraint from 3+1 dimensions. 

We now make a change of coordinates that illustrates the appearance of the peculiar 
loci we discussed above for the U(2) x U(2) ABJM theory. The change of coordinates is 
defined by the r x r matrix 



1 mi 


m2 . 


. rrir \ 


1 


1 


1 


M31 


M32 . 


. M3, 






/ 



(A.14) 
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This matrix has the property that all the rows are orthogonal and k — Xrh for some A e Z>o. 
The new gauge fields are defined by = Y7j=i ^ii^O> denote Gj the gauge group 
corresponding to ^(i)-'' The Chern-Simons term is 

= ^/Ai)ArfA2)+ E Mr.^Mr^'^ f A^^AdA^.y (A.15) 

In the last fine we used the orthogonahty of the rows of My. The covariant derivative 
becomes 

DZij — dZij — iA(^i)Zij + iZijA(^j), (no sum on i,j), 

= dZ,j-iJ2{Mr,'-Mr,')A^k)Zij, (A.16) 

where A(2) dropped out due to the structure of (A. 14), and consequently the gauge group 
G2 is unbroken in the vacuum. The remaining r — 1 gauge groups Gi and Gj with i > 3 
are Higgsed for generic expectation values for the scalars Z^j. 

Using J2i = and /Xj = we see one of the D-term constraints is redundant. The 
remaining r — 1 D-term constraints become 

A(m-k)a = rh-ll(Z), (A.17) 

Ji,{Z) = MijiXj{Z) = 0, for i > 3. (A.18) 

The first equation determines the field a in terms of the scalars Z^j and does not constrain 
the moduli space. The remaining r — 2 equations impose constraints on the fields Zij via 
the moment map. As happens in 3+1 dimensions the r — 2 D-term constraints and the 
action of the r — 2 gauge groups Gj for i > 3 may be imposed as a complexified gauge 
quotient. The moduli space is then a toric Calabi-Yau four- fold realised as a holomorphic 
quotient. 

Thus, in these generalizations of ABJM, there are two distinguished gauge groups Gi 
and G2 and play a role analogous to the U(l)b and V{1)d respectively in ABJM. 

''To recover the ABJM analysis in the previous subsection, we set r = 2 and m = (1,-1). Then 
Gi = U(l)6 and G2 = U(1)d. 
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The analysis of the non-abehan moduh space follows from the abelian analysis in a 
similar manner to the U(A^) x U(A^) ABJM theory [cf. the discussion in section (2.1)]. 

Indeed, by studying equations in (A. 13) (in a gauge where the (Tj arc diagonal), a generic 
solution has the form of being diagonal^. The scalar fields then Higgs the gauge groups 
down to a symmetric product of the abelian groups. This is the generalization of the 
U(iV) X U(A^) ABJM theory breaking to U(l)^ x U(l)^ via the expectation values in 
(2.16) . 

The non-abelian generalization has one important feature: the theory can now carry 
monopole-instantons. To see these we write out the schematic equations of motion for the 
gauge fields. They are given by 

= 0, 

E^^'^r.'^% = for A; > 2 (A.19) 

with the matter currents defined as 

Jw = E E(^^' - ^7^') (^^^■^^' - ^'^^^i) (A-20) 

Again, we see the distinguished role of G\ and G2, as is to be expected from the structure 
of the D-terms and (A. 14). 

What does (A.19) tell us about the structure of monopoles in these theories? Suppose 
we are in a monopole background. Then, as all of the gauge groups except G2 are Higgsed, 
the monopole can only have its field strength in 6*2. Hence, F.j = for j 7^ 2. In this 
case, (A.19) reduces to the same set of equations as for the ABJM theory. Thus, we expect 
monopole-instantons to play an identical role in the generalisations of ABJM to the original 
construction. Also, as A(2) only appears in the Lagrangian via its field strength dA{2) in the 
Chern-Simons term (A. 15) it may be dualized to a scalar in the same way as the Vi{V)y) field 
strength in ABJM. Monopole-instantons then imply G\ is broken to a discrete subgroup 
'Lx — Zgcd(fei,...,fer). Finally, G\ is a symmetry of the classical Lagrangian. Hence, by the same 
argument we gave above for ABJM, this implies there is a U(l) locus in the moduli space 



^Diagonal Zij is certainly a sufficient condition for y = 0. There remains the possibility however of 
more general solutions to the vacuum equations in which the Zij are not diagonal [23] in which case the 
moduli space dynamics may be more interesting. 
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along which there are anomalous massless excitations. Thus, although we have focussed 
in this note on the ABJM U(2) x U(2) theory, it is clear our analysis generalises to more 
involved theories. 

B Monopole-Instanton Fluctuation Determinant 

This section outlines the computation of the small-fluctuation determinant about the monopole- 
instanton background. 

B.l Bosonic Fields 

The bosons, , A(^i^, A(^2), are involved in three contributions: the scalar kinetic terms, 
bosonic potential and Chern-Simons term. We write the gauge bosons in terms of their 
diagonal and baryonic linear combinations: Ad — + A(2)), — — ^(2)) and 

consider each of the pieces in turn. 

Scalar kinetic Terms 

These are of the form 

-trD^ZpD^Z''. 

Expand to quadratic order, keeping in mind that we need to consider both Md and Mf, 
fluctuations. To quadratic order we find 

D^Z^ = D^SZ"" - 2ia(5^^ 5A, ^ - i[5A^, 5Z''\ - i{ 5A^ ^, 

D^Zp = 5pi6(l>^$ - i[5A^, $] - i{ Mfe^, $}) - 2ic5pi 5A^ - i[5AD ^, 5Zp]+ (B.l) 

-i{5A^^,6Zp} + b^5Zp 

where where D is the connection computed with respect to the monopole-instanton back- 
ground where ^4(1) = ^4(2) = Ad- Plugging these expressions into the kinetic term and 
keeping up to quadratic pieces we find 

-ixD^'Z^D^Zp = tr( 6 Z^D''Di,SZp + 2ib[6A^,6Z^]Di,^ -2ab6Abi,[^, 6Ad„] 
+ 4a Mb ^(6$ + ch) SAb ^ + ibSZ^[^, F]j . 

In deriving this we've integrated by parts and made use of the gauge fixing condition 

D^6Ad^, = F{6Z,6Z,^), D^5Ab^^0. (B.3) 
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We need to find a convenient choice for F. It turns out that if F = or F oc 

the determinant is unchanged. However, the zero-mode analysis easiest in the gauge F — 



Scalar Potential 

In addition to its expression in (2.7), the potential can also be written as a sum of a D-term 
and an F-term [24]: 



2 



47r 

Vs =^tr 



Z^ZpZ^ZqZ^Zr + ZpZ^ZqZ^ZrZ^ - 2ZpZ^ZqZ^ZrZ^ 



To quadratic order, the F-term does not contribute while the D-term gives 



5Vn = -^^^^tr[(5Z^',$][5Zp,,$], (B.4) 

P' = 2, 3, 4. Note the 5Z^ fluctuations cancelled out without the need to impose any gauge 
conditions or choices of polarisation. 

In analogy to the d = 4 SYM monopole [20] we can formally rewrite this in terms of 
four-dimensional quantities. Introduce a four-dimensional index m = 1,2,3,4 and define a 
four-dimensional operator 

Vm = (£>^, D^), where V^SZ^' = -^[^4, 5Z^']. (B.5) 

We can then expression the fluctuation of Vd as 

5Vd = -tr5Zp'Vl5Z^' (B.6) 

Chern-Simons and gauge fixing 

The Chern-Simons Lagrangian is given by (2.2), and we expand it to quadratic order: 



ik 

J^cs = i-tr 

4:71 



(MiF^'^ - Msi^i'^) + {SA^D^'^SAi - SA2D^''^SA2) , (B.7) 



where D^^^SAi = d6Ai — ^[^(j), 5Aj]. To clarify, background gauge bosons arc denoted 
^(1)1^(2) while fluctuations are denoted dAi,dA2. The linear terms cancel once we apply 
the equations of motion for the scalars, and so we will not worry about them. Rewriting in 
terms of the diagonal and baryonic basis we get 

ik 



Ccs = — tr 

TT 



8AD^D5Ai\ (B.8) 
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where D SA^ = 5Ab - iA A 5Ab . 

There is also a gauge fixing condition which we can impose using a Lagrange multipUer: 

'S'gauge fixing = J (fxXiDfj,ADij, + A2-Djii^6^ (B-9) 

The fields Ai, A2 will also contribute to the scalar determinants. 
Scalar determinant 

We now put the pieces together to compute the determinant. It naturally splits into study- 
ing fluctuations orthogonal to the plane of the VEV and those along the plane of the VEV. 
The fluctuations orthogonal to the plane of the VEV are of the form tr SZp/Vl^SZ^' and 
give rise to a determinant of the Laplacian built from the derivative operator (B.5) in the 
monopole background 

(detVl)-' (B.IO) 

The fluctuations in the plane of the VEV 6Z^ are grouped together with the gauge bosons, 
and Ai, A2. With our choice of gauge, the term proportional to F in (-B.2) is tri65Z^[$, F] = 
—ix5ZiT>\5Z^. The quadratic fluctuation operator may then be written as a bilinear form 

(6Anp\ 

-tYD^Z^D;z^ + Ccs + >Cgaugefixing ^ [sAd ^ SA^ , 5Z^ 5Z^ Ai A2) A"'^;^^ 

Ai 

V A2 / 

where the operator A takes the form 








2a6$5^" + ^e^^^Dx 
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4a(6$ + c%)S^'' 















2ibDpi 








2 m 
















2 m 





-2i^$ 







D, 
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The determinant is remarkably nice: det A = (det 'D^)^(det -D^)^, and together with (S.IO), 
we flnd the 1-loop determinant of the scalars is 



+ 5Zp + gauge bosons + Ai,2 = {det Dl)'^ {det 



(B.ll) 



where we have inverted and taken the appropriate square root. 
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B.2 Fermionic Fields 

The fermions have vanishing expectation value, and their kinetic term is 

The only non-trivial Yukawa type term is given by 

2TTiab 



SVd = — 



(5V'P'[$, 5jjj^'] - 5jjji[^, Sijj^]^ (B.13) 



As for the scalars, we introduce a formal gauge boson 

2'Kah ^ 

^4 = (B.14) 

and the covariant derivative is defined as 

— {Dfj,, D4), where D^Sijj — — i[^4, 5ijj]. 

The Weyl basis for the gamma matrices in positive signature flat metric for SO (4) consists 
of 

and the corresponding Dirac operators Tp — a'^Vm and 'p — a"^T>m ■ Then, the fermionic 
terms become 

SCferm = ^tv (^5^^^' f S^/j p> + 5ijjp>f 5^;^'^ + ^tvi^Si^^fS^jji + 5iJiTp5ij^^ (B.15) 
In order to evaluate the Gaussian integration it is convenient to rewrite this as a 4D matrix 

where — S^T^ is the usual Dirac conjugate. Letting 

the 1-loop determinant is then given by 

(detA^)3/^(detA^)^/^ = {detff){detfTp) (B.18) 
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The four-dimensional field strength Fmn is defined to be the three-dimensional field strength 
together with = D^A4^. As e'^^ pF^i, = DpA^, this field strength is self-dual = 
^mn"^-^pq- The operators above become 

= Vl + 2ia''B^. (B.19) 

We have used a'^'^Fmn = icr'^B^, with the monopole field strength, and a'^'^Fmn — 0. 
The fermionic determinants then become 

1 - loop Fermions = (det /2x2^^^) (det + 2i(T''S^) (B.20) 

where /2x2 is the rank 2 identity matrix in inserted explicitly to emphasise these terms are 
determinants of 2-component spinor operators. 

B.3 Ghosts 

The FP ghosts from the background gauge fixing give rise to 

FP = (detL>2)l (B.21) 
Note this will nicely cancel the corresponding term from the gauge fixing in 

B.4 Final Result 

Putting together (S.ll), (S.20), and (-B.21), we get 

Ai-ioop = [(detp2)-=^-^(detL>2)-2] ^ [(det72x2:P')(detp2 + 2i(7^S^)] x (detL*')' 
(det P2 + 2i(7^S/,) 
~ (det72x2:P')' ■ 

(B.22) 

In the first line, the first term is the bosonic determinant, the second term the fermionic 
determinant and the last term from the FP term. We can interpret this as the following. 
The field content of our theory is roughly the dimensional reduction of two d — A N — 2 
hypermultiplets. Each hypermultiplet gives a factor of 

_i _ (detr'2 + 2z(7''5^)i/2 
(detP^ 



Ai_loop - , , 
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The gauge multiplet completely cancels against the FP gauge fixing determinant, consistent 
with the fact that in Chern-Simons theories the gauge field has no propagating degrees of 
freedom. To contrast with 3D N=8 Yang-Mills the field content consists ofa(i = 4A^ = 2 
vector multiplet and a iV = 2 hypermultiplet reduced to 3D. The vector multiplet has 
propagating degrees of freedom and thus does not completely cancel against the gauge 
fixing determinant. Instead it gives a factor of R which cancels against the coming 
from the hypermultiplet, the end result is unity [10]. 

This determinant was evaluated in [20], which in our conventions and normalization is 
dimensionless, taking the form 

Ai_ioop = 2-^ (B.23) 

C Zero Mode Integral 

After integrating out the non-zero modes as is done in Appendix B, the path integral 
reduces to a finite integral over the bosonic and fermionic zero modes of the background. 

C.l Bosonic Zero Modes 

With the ansatz Al — Ar, the only classical solutions are equivalent to the Yang-Mills BPS 
monopole monopole. Consequently, there are zero modes associated with the monopole 
solution. The gauge group is 

U(2)d X U(2)5 = U(1)d X SU(2)d x U(1)6 x SU(2)6 (C.l) 

The monopole solution spontaneously breaks the 11(2)^ and the 811(2)/) — )■ where 
the U(l)£) is the unbroken gauge group carrying the magnetic field strength. There are 
non-normalizable zero modes associated with the broken 11(2)^ and the non-abelian W- 
bosons in SU(2)£), as well as motion of the vev in the moduli space. As usual these 
do not contribute to the monopole moduli space. For monopole-instanton charge p — 1, 
the monopole zero modes are three from translation of the centre of the monopole as well 
as a global U{1)d rotation. These are to be converted to an integral over the collective 
coordinates of the monopole, which induces a Jacobian. Schematically denote our fields as 
(f)a and moduli m^. Then, the metric on field space Qah naturally induces a metric hij on 
the moduli space 

h,, = / d'xP^^g"'. (C.2) 
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The metric on field space we identify from kinetic terms in the Lagrangian, which for us is 
always a constant. The integral over the zero modes then pulls backs to an integral over 
the moduli space as (see for example, [25] for a more detailed discussion) 

/ JJ #i = / JJ drrir J{m), J{m) = Vdet/i (C.3) 

i r 

where J(m) is a Jacobian from the change of coordinates. For us, the Jacobian is straight- 
forward to compute thanks to its close relation to the Yang-Mills BPS monopole. The 
metric on field space is diagonal, with the scalar field metric being gpQ = |5pQ, while the 
gauge field metric is Qa^Al = Qa^Ar = '^jQAlAr = 0. The three translation zero modes 
excite only Al, A^i, Zi which can be seen by translating the monopole background (3.7), 
(3.20) by a constant vector ^ + v^, v/m <C 1: 

5Al^, = v'd.AL + D^A 
6An, = v-'F^l 

= (C.4) 

We have gauge transformed the fluctuations using A = —v^Aj,, and used A <^ 1 to drop 
the terms [SA^, A] and — i[A, 5Z\ in the gauge transformation of the fluctuation. Note that 
D^SAl^ = v^Dfj^F'^^ — 2im.b~^SZ^, which is compatible with the gauge choice (-B.3) in the 
1-loop calculation. We can now compute the metric on the moduli space parametrized by 

'•^ V Utt 6v' 6v^ Att Sv^ Sv^ Sv^ Sv^ 



3_ T7d \2 
fj,u/ ) 



where in the last line p is the monopole charge, V is the volume of spacetime and we used 
the equation of motion F^,^ = —imef^upDp^, to convert the volume integral into an integral 
over the asymptotic two-sphere. 

There is an additional zero mode global U(1)d rotations. The monopole spontaneously 
breaks this symmetry, thereby generating a zero mode. This is most easily computed in 
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singular gauge. In that case Z oc a/2, and Z = f{x)ma^. Consequently, the U(1)d gauge 
transformations commute with the scalar. The gauge fields on the other hand generate a 
zero mode 



5Ar = 59 



i 1 



5An = (^eL'^sing. (C.6) 

where 66 is the infinitesimal U{1)d parameter. The induced metric is similar to that 
computed above: 

1 f ,3 ,ik f6ALA^ ik (5Ar^\'^ , ^ ^^D6Z^ D6Z1- 



k 



AttV 
kp 



Vm 

and hoi — 0. Hence, the bosonic Jacobian for p = 1 is 

1 / , 10 I k 



(C.7) 



m 



1/2 



km 



(C.8) 

The bosonic measure is normalized by demanding the Gaussian integral over the non- 
zero modes satisfies 

Nb J VSAe^p (^-m J d^xSA^^SA^^ = 1. (C.9) 

This fixes the constant Nb and this normalization then descends to the zero-mode integrals. 
The power of m in the exponential is fixed by demanding the exponent to be dimensionless. 
Putting all this together, the zero mode measure is 

4 

d/iB = {mV7rfY[V5An, 



n=l 

kVir'^d'^ Xrrr.de 



(C.IO) 



C.2 Fermion Zero Modes 

The fermion zero modes are goldstinos arising from the broken supersymmctries. When 
the monopole is in a single complex plane, the supersymmetry variations (2.9) give 



5*'' = ifP.Z,)^'" (C.ll) 
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for P' — 2, 3, 4, and by antisymmetry rj^^ — 0. This implies there are 6 broken supcrsymme- 
tries, which after lowering the indices, are 1]34,1]23, — r^24, and the corresponding goldstinos 

2 3 4 

are ' ' . This is in agreement with the fcrmionic equations of motion, [c.f. {B.15)], 
— pi 

Tp 6"^ = having zero modes for P' = 2,3,4. However, from {B.15) we see that also 
has two zero modes as it obeys TpS'ifi = 0, which does not have an interpretation as a 
Goldstino. 

As pointed out in [13], things become clearer if we examine a generic background. Start 
a generic form of the scalar vev: 

w J \ wp 



PI zp=r^ - \ (C.12) 



We can use the SU(4)i?-symmetry to rotate the vevs into a pair of complex planes. Denote 
the location of the M2-branes by complex 4- vectors: z = (z^, . . . , z'^) and tv = (w^, . . . , w*^). 
Use the S'[/(4)/j-symmetry to set z^'^ = w^'^ = 0. This leaves us with four complex or 
eight real parameters. Four of these may be eliminated by the remaining SU(2)ii; C SU(4)ij 
R-symmetry. A convenient (ovcr)-parametrization is given by ^ = {z,dw* ,0,0) and w — 
{w, dz*, 0,0), which in terms of matrices is 

Demanding we preserve the diagonal matrix structure breaks the S\J{2)i x SU(2)k gauge 
symmetry down to U(l)|, x 11(1)5. This vev leaves the U(l)|, unbroken but spontaneously 

breaks U(l)^ symmetry. Let us write 'U{1)1 = U(l)(o"3) x U(1)(I). The former rotates the 
M2-branes by a relative phase; the latter by an overall phase. The angular momentum, 
corresponding to U(l)(o'3) rotations, sources the monopole via the equations of motion, 
while the overall rotation U(1)(I) decouples. To ensure the right transformation properties, 
we assign d a charge (0, +2) under U(1)((T3) x U(1)(I), while z has charge (+1, +1) and w 
charges (— 1,+1). Computing the SU(4)jj invariants 

|£|2 = \z\^ + \d\^\w\\ 

\w\^ = \w\' + \d\'\z\\ 
z-w* = zw* + \d\'^z*w (C.14) 

we see that we may as well take d to be real. This amounts to choosing a centre of mass 
for the relative angular separation of the branes - moving the branes along by a constant 
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kiP + |wi| 



overall phase doesn't change physics. Furthermore, the phase of either z or w may be 
eliminated by an R-symmetry rotation and amounts to a rotation of the overall centre of 
mass of the monopole. This brings us down to four real degrees of freedom. With this 
choice of parametrization the background is given by a generalization of (3.20): 

= ah, Zi^{b^x) + cl2), 

= d(-b^x)+cl2), Z2^ad*l2, (C.15) 
where recall from (3.16), (4.11), the coefficients a,b,c,d are 

|-22P + 



a — \fzw, b = {\z\ — \w\ ^l\fzw, c — {\z\ + \w\ ^j^fzw, d 
On the moduli space, the relevant fermionic supersymmetry variations are 

6^"" = (fp,Z^)t'" 5*p, = (fp,Z^)ii2P' (C.16) 

with all other variations vanishing. There is an additional broken supersymmetry from 
IpZ"^ 7^ 0, so that the broken supersymmetries are {7712, 7723, ?724, "Hm}- The Goldstinos arising 
from varying the background are 

<5^i = -(JpZ^)7^u, 

= (0Zi)r/34, 
5^' = -pZ,)r]24, 6^' = g)Z^)7i24 

= ^Zi)7723, SiP' = (fpZ')7^23 (C.17) 

We see the Goldstinos ^-^d i/^^^ip^ are paired together, coming from the same su- 

persymmetry variation. Its easy to see the linear combination dt/j^ — ■04 and dt/j^ + t/j^ 
are preserved by the SUSY variations. Then, using (C.15) a choice of polarisation for the 
goldstinos/zero modes is: 

^(2)^:0^, = = ^^V'^ -^2-03- (C.18) 

We will need the asymptotic form of these zero modes. Using (CI 7) and D^^lx) ~ x^/mx^ 
as x/m — )■ 00 we find 

^(1) = - 47rMCLD?7i2m-V3, 

^(2) = 47r6GLD7734m~V3, 

(C.19) 

^^(3) ^ - 2A;GLDr724(73, 

= 2fcCLD7723a3. 
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where GldI^;) = is the free fermionic propagator, and we are suppressing spinor indices. 

As for the bosonic zero-modes the fermionic zero-mode measure is fixed by normahzing 
the non-zero modes and letting the normalization constant descend. That is, we require 

Nf J Y[ViPpViP^ exp (^-m J d^xip^^jp^ = 1, (C.20) 

to fix Np. The zero- mode measure is then 

4 

d/iF = (myTT)-^ JJ(d*("))^ (C.21) 

n=l 

where ^("^ are hsted in (C.18). The measure should be SU(4) and gauge invariant up 
to breaking by the choice of vacuum. The eight fermion operator is constructed from a 
product of two four-fermion operators of which the possibihties are hsted in (4.7). When 
the monopole is in a single complex plane, the measure descends from the first operator. 
The generic case involves a linear combination of the two. 

We now compute the fermionic Jacobian that arises when we convert to the fermionic 
collective coordinates rjpQ. For each zero mode listed in (C.18), there is a Jacobian 

J« ^1- j d^xd^r]trS¥^S^^^, (C.22) 

so that the fermionic measure is given by 

4 

di^F = {rnVn)-'' n(4'^)"' A (C.23) 



1=1 



Computing the first Jacobian wc find 



- l^J d'xd\,tr(^Zrrjl, 
Airp 



^^(MY, (C.24) 

where p is the monopole-instanton charge, the monopole mass m is suitably extended for 
the vevs (C.15) viz. 

—ab(l + \d\^). (C.25) 
k 

and a,b,d arc defined in (3.16) and (4.11). Repeating this exercise for the four remaining 
zero modes we find 

J{2) _ ^1,2 
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= ^<^"b\l + \d\r, (C.26) 

Note that 6^ci is invariant under the U(1)((T3) x U(1)(1) implying (J1J2), -/s, and J4 are 
invariant under U(l)(cr3) x U(l)(l), and as such the fermionic Jacobian 11^=1 >^(i) ^^^o 
invariant. This gives a zero mode measure of the form 
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